


Orthogonal Functions

25. In R3 the set {i, j} is not complete since k is orthogonal to both i and j. The set {i, j,k} is complete. To see
this suppose that ai + bj + ck is orthogonal to i, j, and k. Then

0 = (ai + bj + ck, i) = a(i, i) + b(j, i) + c(k, i) = a(1) + b(0) + c(0) = a.

Similarly, b = 0 and c = 0. Thus, the only vector in R3 orthogonal to i, j, and k is 0, so {i, j,k} is complete.

EXERCISES 4.2
Fourier Series

1. a0 =
1
π

∫ π

−π

f(x) dx =
1
π

∫ π

0

1 dx = 1

an =
1
π

∫ π

−π

f(x) cos
nπ

π
x dx =

1
π

∫ π

0

cos nx dx = 0

bn =
1
π

∫ π

−π

f(x) sin
nπ

π
x dx =

1
π

∫ π

0

sinnx dx =
1

nπ
(1 − cos nπ) =

1
nπ

[1 − (−1)n]

f(x) =
1
2

+
1
π

∞∑
n=1

1 − (−1)n

n
sin nx

2. a0 =
1
π

∫ π

−π

f(x) dx =
1
π

∫ 0

−π

(−1) dx +
1
π

∫ π

0

2 dx = 1

an =
1
π

∫ π

−π

f(x) cos nx dx =
1
π

∫ 0

−π

− cos nx dx +
1
π

∫ π

0

2 cos nx dx = 0

bn =
1
π

∫ π

−π

f(x) sinnx dx =
1
π

∫ 0

−π

− sinnx dx +
1
π

∫ π

0

2 sinnx dx =
3

nπ
[1 − (−1)n]

f(x) =
1
2

+
3
π

∞∑
n=1

1 − (−1)n

n
sin nx

3. a0 =
∫ 1

−1

f(x) dx =
∫ 0

−1

1 dx +
∫ 1

0

x dx =
3
2

an =
∫ 1

−1

f(x) cos nπx dx =
∫ 0

−1

cos nπx dx +
∫ 1

0

x cos nπx dx =
1

n2π2
[(−1)n − 1]

bn =
∫ 1

−1

f(x) sinnπx dx =
∫ 0

−1

sinnπx dx +
∫ 1

0

x sinnπx dx = − 1
nπ

f(x) =
3
4

+
∞∑

n=1

[
(−1)n − 1

n2π2
cos nπx − 1

nπ
sinnπx

]

4. a0 =
∫ 1

−1

f(x) dx =
∫ 1

0

x dx =
1
2

an =
∫ 1

−1

f(x) cos nπx dx =
∫ 1

0

x cos nπx dx =
1

n2π2
[(−1)n − 1]

bn =
∫ 1

−1

f(x) sinnπx dx =
∫ 1

0

x sin nπx dx =
(−1)n+1

nπ
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f(x) =
1
4

+
∞∑

n=1

[
(−1)n − 1

n2π2
cos nπx +

(−1)n+1

nπ
sinnπx

]

5. a0 =
1
π

∫ π

−π

f(x) dx =
1
π

∫ π

0

x2 dx =
1
3
π2

an =
1
π

∫ π

−π

f(x) cos nx dx =
1
π

∫ π

0

x2 cos nx dx =
1
π

(
x2

π
sinnx

∣∣∣∣π
0

− 2
n

∫ π

0

x sinnx dx

)
=

2(−1)n

n2

bn =
1
π

∫ π

0

x2 sin nx dx =
1
π

(
−x2

n
cos nx

∣∣∣∣π
0

+
2
n

∫ π

0

x cos nx dx

)
=

π

n
(−1)n+1 +

2
n3π

[(−1)n − 1]

f(x) =
π2

6
+

∞∑
n=1

[
2(−1)n

n2
cos nx +

(
π

n
(−1)n+1 +

2[(−1)n − 1]
n3π

)
sinnx

]

6. a0 =
1
π

∫ π

−π

f(x) dx =
1
π

∫ 0

−π

π2 dx +
1
π

∫ π

0

(
π2 − x2

)
dx =

5
3
π2

an =
1
π

∫ π

−π

f(x) cos nx dx =
1
π

∫ 0

−π

π2 cos nx dx +
1
π

∫ π

0

(
π2 − x2

)
cos nx dx

=
1
π

(
π2 − x2

n
sinnx

∣∣∣∣π
0

+
2
n

∫ π

0

x sinnx dx

)
=

2
n2

(−1)n+1

bn =
1
π

∫ π

−π

f(x) sinnx dx =
1
π

∫ 0

−π

π2 sinnx dx +
1
π

∫ π

0

(
π2 − x2

)
sinnx dx

=
π

n
[(−1)n − 1] +

1
π

(
x2 − π2

n
cos nx

∣∣∣∣π
0

− 2
n

∫ π

0

x cos nx dx

)
=

π

n
(−1)n +

2
n3π

[1 − (−1)n]

f(x) =
5π2

6
+

∞∑
n=1

[
2
n2

(−1)n+1 cos nx +
(

π

n
(−1)n +

2[1 − (−1)n]
n3π

)
sinnx

]

7. a0 =
1
π

∫ π

−π

f(x) dx =
1
π

∫ π

−π

(x + π) dx = 2π

an =
1
π

∫ π

−π

f(x) cos nx dx =
1
π

∫ π

−π

(x + π) cos nx dx = 0

bn =
1
π

∫ π

−π

f(x) sinnx dx =
2
n

(−1)n+1

f(x) = π +
∞∑

n=1

2
n

(−1)n+1 sinnx

8. a0 =
1
π

∫ π

−π

f(x) dx =
1
π

∫ π

−π

(3 − 2x) dx = 6

an =
1
π

∫ π

−π

f(x) cos nx dx =
1
π

∫ π

−π

(3 − 2x) cos nx dx = 0

bn =
1
π

∫ π

−π

(3 − 2x) sinnx dx =
4
n

(−1)n

f(x) = 3 + 4
∞∑

n=1

(−1)n

n
sinnx

9. a0 =
1
π

∫ π

−π

f(x) dx =
1
π

∫ π

0

sinx dx =
2
π

an =
1
π

∫ π

−π

f(x) cos nx dx =
1
π

∫ π

0

sinx cos nx dx =
1
2π

∫ π

0

(
sin(1 + n)x + sin(1 − n)x

)
dx
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=
1 + (−1)n

π(1 − n2)
for n = 2, 3, 4, . . .

a1 =
1
2π

∫ π

0

sin 2x dx = 0

bn =
1
π

∫ π

−π

f(x) sinnx dx =
1
π

∫ π

0

sin x sinnx dx

=
1
2π

∫ π

0

(
cos(1 − n)x − cos(1 + n)x

)
dx = 0 for n = 2, 3, 4, . . .

b1 =
1
2π

∫ π

0

(1 − cos 2x) dx =
1
2

f(x) =
1
π

+
1
2

sinx +
∞∑

n=2

1 + (−1)n

π(1 − n2)
cos nx

10. a0 =
2
π

∫ π/2

−π/2

f(x) dx =
2
π

∫ π/2

0

cos x dx =
2
π

an =
2
π

∫ π/2

−π/2

f(x) cos 2nx dx =
2
π

∫ π/2

0

cos x cos 2nx dx =
1
π

∫ π/2

0

(
cos(2n − 1)x + cos(2n + 1)x

)
dx

=
2(−1)n+1

π(4n2 − 1)

bn =
2
π

∫ π/2

−π/2

f(x) sin 2nx dx =
2
π

∫ π/2

0

cos x sin 2nx dx =
1
π

∫ π/2

0

(
sin(2n − 1)x + sin(2n + 1)x

)
dx

=
4n

π(4n2 − 1)

f(x) =
1
π

+
∞∑

n=1

[
2(−1)n+1

π(4n2 − 1)
cos 2nx +

4n

π(4n2 − 1)
sin 2nx

]

11. a0 =
1
2

∫ 2

−2

f(x) dx =
1
2

(∫ 0

−1

−2 dx +
∫ 1

0

1 dx

)
= −1

2

an =
1
2

∫ 2

−2

f(x) cos
nπ

2
x dx =

1
2

(∫ 0

−1

(−2) cos
nπ

2
x dx +

∫ 1

0

cos
nπ

2
x dx

)
= − 1

nπ
sin

nπ

2

bn =
1
2

∫ 2

−2

f(x) sin
nπ

2
x dx =

1
2

(∫ 0

−1

(−2) sin
nπ

2
x dx +

∫ 1

0

sin
nπ

2
x dx

)
=

3
nπ

(
1 − cos

nπ

2

)
f(x) = −1

4
+

∞∑
n=1

[
− 1

nπ
sin

nπ

2
cos

nπ

2
x +

3
nπ

(
1 − cos

nπ

2

)
sin

nπ

2
x

]

12. a0 =
1
2

∫ 2

−2

f(x) dx =
1
2

(∫ 1

0

x dx +
∫ 2

1

1 dx

)
=

3
4

an =
1
2

∫ 2

−2

f(x) cos
nπ

2
x dx =

1
2

(∫ 1

0

x cos
nπ

2
x dx +

∫ 2

1

cos
nπ

2
x dx

)
=

2
n2π2

(
cos

nπ

2
− 1

)
bn =

1
2

∫ 2

−2

f(x) sin
nπ

2
x dx =

1
2

(∫ 1

0

x sin
nπ

2
x dx +

∫ 2

1

sin
nπ

2
x dx

)
=

2
n2π2

(
sin

nπ

2
+

nπ

2
(−1)n+1

)
f(x) =

3
8

+
∞∑

n=1

[
2

n2π2

(
cos

nπ

2
− 1

)
cos

nπ

2
x +

2
n2π2

(
sin

nπ

2
+

nπ

2
(−1)n+1

)
sin

nπ

2
x

]
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13. a0 =
1
5

∫ 5

−5

f(x) dx =
1
5

(∫ 0

−5

1 dx +
∫ 5

0

(1 + x) dx

)
=

9
2

an =
1
5

∫ 5

−5

f(x) cos
nπ

5
x dx =

1
5

(∫ 0

−5

cos
nπ

5
x dx +

∫ 5

0

(1 + x) cos
nπ

5
x dx

)
=

5
n2π2

[(−1)n − 1]

bn =
1
5

∫ 5

−5

f(x) sin
nπ

5
x dx =

1
5

(∫ 0

−5

sin
nπ

5
x dx +

∫ 5

0

(1 + x) cos
nπ

5
x dx

)
=

5
nπ

(−1)n+1

f(x) =
9
4

+
∞∑

n=1

[
5

n2π2
[(−1)n − 1] cos

nπ

5
x +

5
nπ

(−1)n+1 sin
nπ

5
x

]

14. a0 =
1
2

∫ 2

−2

f(x) dx =
1
2

(∫ 0

−2

(2 + x) dx +
∫ 2

0

2 dx

)
= 3

an =
1
2

∫ 2

−2

f(x) cos
nπ

2
x dx =

1
2

(∫ 0

−2

(2 + x) cos
nπ

2
x dx +

∫ 2

0

2 cos
nπ

2
x dx

)
=

2
n2π2

[1 − (−1)n]

bn =
1
2

∫ 2

−2

f(x) sin
nπ

2
x dx =

1
2

(∫ 0

−2

(2 + x) sin
nπ

2
x dx +

∫ 2

0

2 sin
nπ

2
x dx

)
=

2
nπ

(−1)n+1

f(x) =
3
2

+
∞∑

n=1

[
2

n2π2
[1 − (−1)n] cos

nπ

2
x +

2
nπ

(−1)n+1 sin
nπ

2
x

]

15. a0 =
1
π

∫ π

−π

f(x) dx =
1
π

∫ π

−π

ex dx =
1
π

(eπ − e−π)

an =
1
π

∫ π

−π

f(x) cos nx dx =
(−1)n(eπ − e−π)

π(1 + n2)

bn =
1
π

∫ π

−π

f(x) sinnx dx =
1
π

∫ π

−π

ex sinnx dx =
(−1)nn(e−π − eπ)

π(1 + n2)

f(x) =
eπ − e−π

2π
+

∞∑
n=1

[
(−1)n(eπ − e−π)

π(1 + n2)
cos nx +

(−1)nn(e−π − eπ)
π(1 + n2)

sinnx

]

16. a0 =
1
π

∫ π

−π

f(x) dx =
1
π

∫ π

0

(ex − 1) dx =
1
π

(eπ − π − 1)

an =
1
π

∫ π

−π

f(x) cos nx dx =
1
π

∫ π

0

(ex − 1) cos nx dx =
[eπ(−1)n − 1]

π(1 + n2)

bn =
1
π

∫ π

−π

f(x) sinnx dx =
1
π

∫ π

0

(ex − 1) sinnx dx =
1
π

(
neπ(−1)n+1

1 + n2
+

n

1 + n2
+

(−1)n

n
− 1

n

)
f(x) =

eπ − π − 1
2π

+
∞∑

n=1

[
eπ(−1)n − 1
π(1 + n2)

cos nx +
(

n

1 + n2

[
eπ(−1)n+1 + 1

]
+

(−1)n − 1
n

)
sinnx

]
17. The function in Problem 5 is discontinuous at x = π, so the corresponding Fourier series converges to π2/2 at

x = π. That is,

π2

2
=

π2

6
+

∞∑
n=1

[
2(−1)n

n2
cos nπ +

(
π

n
(−1)n+1 +

2[(−1)n − 1]
n3π

)
sinnπ

]

=
π2

6
+

∞∑
n=1

2(−1)n

n2
(−1)n =

π2

6
+

∞∑
n=1

2
n2

=
π2

6
+ 2

(
1 +

1
22

+
1
32

+ · · ·
)

and
π2

6
=

1
2

(
π2

2
− π2

6

)
= 1 +

1
22

+
1
32

+ · · · .
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At x = 0 the series converges to 0 and

0 =
π2

6
+

∞∑
n=1

2(−1)n

n2
=

π2

6
+ 2

(
−1 +

1
22

− 1
32

+
1
42

− · · ·
)

so
π2

12
= 1 − 1

22
+

1
32

− 1
42

+ · · · .

18. From Problem 17

π2

8
=

1
2

(
π2

6
+

π2

12

)
=

1
2

(
2 +

2
32

+
2
52

+ · · ·
)

= 1 +
1
32

+
1
52

+ · · · .

19. The function in Problem 7 is continuous at x = π/2 so

3π

2
= f

(π

2

)
= π +

∞∑
n=1

2
n

(−1)n+1 sin
nπ

2
= π + 2

(
1 − 1

3
+

1
5
− 1

7
+ · · ·

)
and

π

4
= 1 − 1

3
+

1
5
− 1

7
+ · · · .

20. The function in Problem 9 is continuous at x = π/2 so

1 = f
(π

2

)
=

1
π

+
1
2

+
∞∑

n=2

1 + (−1)n

π(1 − n2)
cos

nπ

2

1 =
1
π

+
1
2

+
2
3π

− 2
3 · 5π

+
2

5 · 7π
− · · ·

and
π = 1 +

π

2
+

2
3
− 2

3 · 5 +
2

5 · 7 − · · ·
or

π

4
=

1
2

+
1

1 · 3 − 1
3 · 5 +

1
5 · 7 − · · · .

21. Writing
f(x) =

a0

2
+ a1 cos

π

p
x + · · · + an cos

nπ

p
x + · · · + b1 sin

π

p
x + · · · + bn sin

nπ

p
x + · · ·

we see that f2(x) consists exclusively of squared terms of the form

a2
0

4
, a2

n cos2
nπ

p
x, b2

n sin2 nπ

p
x

and cross-product terms, with m �= n, of the form

a0an cos
nπ

p
x, a0bn sin

nπ

p
x, 2aman cos

mπ

p
x cos

nπ

p
x,

2ambn cos
mπ

p
x sin

nπ

p
x, 2bmbn sin

mπ

p
x sin

nπ

p
x.

The integral of each cross-product term taken over the interval (−p, p) is zero by orthogonality. For the squared
terms we have

a2
0

4

∫ p

−p

dx =
a2
0p

2
, a2

n

∫ p

−p

cos2
nπ

p
x dx = a2

np, b2
n

∫ p

−p

sin2 nπ

p
x dx = b2

np.

Thus

RMS(f) =

√√√√1
4
a2
0 +

1
2

∞∑
n=1

(a2
n + b2

n) .
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